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Abstract

In this report, I tend to investigate the dental growth rate for 27 kids and
compare the rates for girls and boys. In this regard, I used 3 different
models to describe the dental growth rate. At the end, I used these models
to predict jaw’s size for random selected samples.

1 Introduction

To investigate dental growth rate, sizes of 27 kids’ jaw measured in 4 different ages. This
dataset includes sex, age and Jaw’s size for each kid. The kids are known by their ID. The
size of jaws are measured in ages of 8, 10, 12 and 14 for each kid.

Table 1: Dataset Format
ID sex{boy or girl} Jaw’s size age{ 8,10,12,14}

the goal of this report is:

• assessment of the differences in dental growth rates among gils and boys.
• predicting the jaw’s size of a kid by given age and sex of the kid

In next two section, I assay whether there is any difference between girls and boys in dental
growth rates or not. Also, In section 2, 3 and 5, I introduced different models to predict the
jaw’s size. At the end, I present a summary of my results.

2 Linear model

In this model, the size of jaw’s is a linear function of age. Also, I assumed that the growth
rate of jaw for each kid is independent from the others. In other words, I found 27 different
linear functions:

yi = β0i + β1ixi (1)
Where yi is the jaw’s size for ith kid and xi is the age of kid. The figure 1 shows 27 growth
lines for 27 kids. As shown, the average size of girls’ jaws are less than the boys’. Also, there
is a small differences in growth rate (boys’ dental growth rate is a little higher compared to
girls).
Therefore, we can conclude that the sex of the kid is an important parameter in predicting
and modeling of dental growth rate.
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Figure 1: Dental growth rate for boys and girls

3 Hierarchical linear model

In previous section, we saw that the dental growth rates are different for girls and boys. So,
in new model, we want to introduce a hierarchical linear model for gils and boys. In the
first level, we divide kids into two groups of boys and girls and develop a linear model for
each.

yij = β0j + β1jxij (2)

Where, j is the group number (j ∈ {0, 1}) , yij and xij are jaw size and age of ith kid in
nth group respectively. Because we have only two groups we can reformulate the regression
model as below:

yij = (1− j)× β00 + j × β01 + (1− j)× β10xij + j × β11xij + ϵij (3)

Therefore,
y ∼ N(β ×X,σ2) (4)

Where X = (x1, x2, x3, x4) such that x1 (x3)is 1 if the y shows the size of jaw for a girl
(boy)and x2 (x4) shows the the age of the girl(boy) in which the y is measured otherwise
both are zero. Table reftab1 shows the β′s average, standard deviation and 95% posterior
interval:

Table 2: betas′value for hierarchical linear model
mean sd 95% posterior interval

β00 2.11 0.01 [2.08 2.13]
β10 0.4 ≈0 [0.4 0.5]
β01 2.20 0.01 [2.17 2.22]
β11 0.42 ≈0 [0.4 0.5]
σ2 0.01 ≈0 [0.01 0.01]
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The first two β′s{, β00, β10} are for gils and the rest are for boys. As you can see, they
mostly are different in β0− .
Also I used this model to predict the size of jaw for 3 randomly sampled kids. I used 24 of
kids’ dental sizes info to estimate β′s and used this beta’s to find the posterior interval for
jaws’ size of each sampled kid. In average, 8% percent of posterior interval for jaws’ size
does not cover the real size. Moreover, length of interval

jaw′s size was less than 0.03 which shows that
the high accuracy of this model.

4 Linear model for 4 groups of ages

In this model, I try to find a linear model for each age group (8,10,12,14) of each sex.
Following shows the model formulation:

y = β1 + β2 × x10 + β3 × x12 + β4 × x14 + β5 × g (5)

Where, x10, x12, x14 are indicator for jaw’s size for age 10, 12 and 14 respectively and g
shows the sex of kid (0 if it is a girl 1 otherwise).
table reftab2 shows the β′s for this model:

Table 3: betas′value for linear model for 4 groups of ages
mean sd 95% posterior interval

β1 3.03 0.02 [ 2.99 3.07]
β2 0.04 0.03 [-0.01 0.09]
β3 0.11 0.03 [0.05 0.16]
β4 0.16 0.03 [0.11 0.21]
β5 0.12 0.02 [0.08 0.15]
σ2 0.10 0.01 [0.08 0.11]

As you see, the beta5 is not zero which shows the importance of sex in jaw’s size estimation.
Also I used this model to predict the size of jaw for 3 randomly sampled kids. such as
previous section, I used 24 of kids” dental sizes to approximate β′s and then find the
posterior interval for jaws’ size of sampled kids. The resulted posterior intervals totally
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coves the real jaw’s sizes. However, the length of interval
jaw′s size was 0.4 which shows that obtained

posterior intervals are wide.

5 Linear model 2

s In this model, my goal is to predict the size of age 14 based on the size of jaws in ages of
8, 10, 12 and the sex of kids.

y = β1 + β2 × x8 + β3 × x10 + β4 × x12 + β5 × g (6)

where x8, x10, x12 show the size of jaw in age of 8 , 10 and 12 respectively and g shows the
gender of kid. Followings are the resulted β′s for this model:

Table 4: betas′value for linear model for 4 groups of ages
mean sd 95% posterior interval

β1 2.41 0.16 [ 2.09 2.72]
β2 ≈0.001 0.03 [-0.02 0.01]
β3 0.02 0.03 [0 0.4]
β4 0.02 0.03 [0 0.3]
β5 0.07 0.02 [0.01 0.13]
σ2 0.06 0.01 [0.04 0.08]

I used this model to predict the jaws’ size for age 14 of 3 randomly sampled kids. The
returned posterior intervals include the real size of jaws and length of interval

jaw′s size was equal to
0.25 in average.

6 Conclusion

In this report, I investigated the growth of dental size for 27 different kids. At first, I
considered the impact of sex of a kid on dental growth rate. As shows in section 2, the
dental growth rate for girls and boys are different. Therefore, a hierarchical linear model
has been proposed. This model is used to predict jaw’s size of 3 different kids in 4 ages. The
accuracy of our prediction was high and the returned posterior interval was narrow. Also, the
standard deviation of its β′s are very small. In this report, two other different models have
been introduced that have different accuracy and posterior intervals for 3 randomly sampled
observations. These models have mostly higher accuracy compared to hierarchical linear
model. However, their obtained posterior intervals are wider and wider posterior interval
leads higher accuracy. Because of existence of noises in dataset, the hierarchical linear model
does not have 100% accuracy, while its the best model for this dataset. Moreover, the last
model is able to predict the jaw size for age 14 only, not for the other ages.

Table 5: Comparing models by accuracy and interval posterior length

Model Error% length of interval
jaw′s size

Linear Model 2 0 0.25
Linear Models 4 groups of ages 0 0.4

Hierarchal Model 8% 0.03
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7 Appendix 1

R Code for section 1:
n=dim(dental)[1];
data<-dental[,2:5];
y=data[,3];

x=rep(0,n);
x<-data[,4];
id=rep(0,n);
id<-data[,1];

K=2;
N=n;
H=27;
library(rstan)

Dentaldata < −c(”N”, ”H”, ”K”, ”id”, ”x”, ”y”)

fit1 <- stan(file=”DentalHirar.stan”,data=Dentaldata, iter = 10000, chains = 4)

fit3 <- stan(fit=fit1,data=Dentaldata, iter = 10000, thin = 10, chains = 4)
print(fit3)
traceplot(fit3, incwarmup = F )

results3 <- extract(fit3, pars=”beta”,permuted = F, incwarmup = FALSE)
str(results3)
grange < −range(min(y)− 0.3,max(y) + 0.3)
xp < −c(8, 10, 12, 14);

for(i in 1:27)
{

b0<-mean(results3[„i]);
b1<-mean(results3[„i+27]);
yp<-c(b0+8*b1,b0+10*b1,b0+12*b1,b0+14*b1);
if(i==1){
plot(xp, yp, main=”Growth Rates”, sub=””,
xlab=”Age”, ylab=”Jaw’s Size”,
xlim=c(8,14), ylim=c(min(y)-0.3, max(y)+0.3))
}
temp<-subset(data,ID==i);
if(temp[1,2]==”boy”)
lines( xp, yp, type=”l”, col=”red” )
else
lines( xp, yp, type=”l”, col=”green” )

box();
}
legend(8,max(y)+0.3,c(”Girls”,”Boys”),col=c(”green”,”red”), lty=1:2);
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8 Appendix 2

R Code for section 2:

data<-dental[,2:5];
rand=sort(sample(1:27,3));

test<-subset(data,ID==rand[1] |ID==rand[2] |ID==rand[3])
train= subset(data,ID!=rand[1] ID!=rand[2] ID!=rand[3])

n=dim(train)[1];

y=train[,3];
y=log(y);

x<-as.matrix(cbind(rep(0,n),rep(0,n),rep(0,n),rep(0,n)));

for( i in 1:n){
if(train[i,2]!=”boy”)
{
x[i,1]<- 1;
x[i,2]<- train[i,3];
}else
{
x[i,3]<- 1;
x[i,4]<- train[i,3];
}
}

K=4;
N=n;
ntest=dim(test)[1];
xt=matrix(rep(0,48),nrow=12);

for( i in 1:ntest){
if(test[i,2]!=”boy”)
{
xt[i,1]<- 1;
xt[i,2]<- test[i,3];
}else
{
xt[i,3]<- 1;
xt[i,4]<- test[i,3];
}
}

yt=test[,3];

library(rstan)
T=dim(xt)[1];
xtilde=xt;
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Dentaldata < −c(”N”, ”K”, ”T”, ”x”, ”y”, ”xtilde”)

fit1 <- stan(file=”Dental.stan”,data=Dentaldata, iter = 10000, chains = 4)

fit3 <- stan(fit=fit1,data=Dentaldata, iter = 10000, thin = 10, chains = 4)
print(fit3)
traceplot(fit3, incwarmup = F )

results3 <- extract(fit3, pars=”beta”,permuted = F, incwarmup = FALSE)
str(results3)

for(j in 1:4){
tit=”girl”;
betaI <- results3[„j]
i=j;
if(j>2)
{i=i-2;
tit=”boy”;
} hist(betaI,axes=TRUE,main = ”” ,xlab = ””,xlim = range(betaI))
title(main=paste (”Histogram of beta ”,toString(i-1),”for ”,tit, sep = ” ”, collapse = NULL),
sub=””,
xlab=paste (”beta ”,toString(i-1), sep = ” ”, collapse = NULL), ylab=”Frequency”)
}
Ypredict<- extract(fit3, pars=”ytilde”,permuted=F,incwarmup = F )
error = 0;
intervalError = rep(0, T );
for(iin1 : ntest){
pi < −quantile(exp(Y predict[, 1, i]), c(0.025, 0.975))
if(yt[i] < pi[1]||yt[i] > pi[2])
error = error + 1;
intervalError[i] = (pi[2]− pi[1])/yt[i];
}
print(error/ntest);
mean(intervalError);
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